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a b s t r a c t

It is technically difficult to accurately establish a dynamic adaptive model of an aluminium electrolysis
manufacturing system (AEMS) because the system has many complex characteristics, such as multiple
parameters, dynamic time variance, and a non-Gaussian distribution of process data. Inspired by
the overall superiority of particle filtering theory in dealing with non-linear non-Gaussian problems,
this paper presents a novel method based on a multi-sampling inherited hybrid annealed particle
filter neural network (MSI-HAPFNN). Firstly, the neural network’s (NN’s) weights and thresholds
are used as the state variables of hybrid annealed particle filter; Secondly, the hybrid proposal
distribution obtained by sampling the above state variables is employed to replace the posterior
proposal distribution in the standard particle filter (PF) algorithm as the importance density function,
thereby adjusting the NN’s weights and thresholds in real time. Thirdly, the model achieves the features
of multi-sampling and inheritance by introducing NN and PF weights, and using adaptive inheritance
method. Therefore, this paper systematically proposes the theoretical construction framework and
experimental procedure of MSI-HAPFNN. Furthermore, this article also introduces a genetic algorithm
to thoroughly evaluate the prediction potential. The proposed model has been tested on the real-
world system for aluminium electrolysis manufacturing and compared with several closely related
frameworks. The experimental results show that the MSI-HAPFNN model can significantly improve
the self-adaptive ability of the object system to working conditions and the prediction accuracy of
power consumption, which is helpful in finding optimal design parameters in an AEMS.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

In recent years, electrolytic aluminium products [1] have been
idely used in aerospace, transportation, construction, machinery
anufacturing and other significant fields and have played a cru-
ial role in the development of the international industry [2]. No-
ably, the DC power consumption is quite high in aluminium elec-
rolysis manufacturing systems (AEMSs). The research on energy
aving technology [3] of AEMS has become a popular direction in
he optimization of the electrolytic aluminium industry.
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At present, the main ways to reduce the power consumption
in an AEMS are as follows: (1) Improve the process equipment of
AEMS [4–8]. For example, Allard et al. [4] established an improved
heat transfer model of the top of aluminium electrolysis cells. The
device used for handling electrolysis cell equipment to produce
aluminium by igneous electrolysis was invented by TISON [5]. (2)
Use the theories of intelligent modelling and decision parameters
optimization to establish the accurate process model of AEMS.
Then, employ the model to find best process design parameters
without changing the hardware equipment in the AEMS. The
fuzzy algorithm proposed by Chen et al. and Yue et al. trans-
formed the qualitative problem of decision parameters into quan-
titative problems [9,10] and was used to identify and monitor
the state of an aluminium electrolysis cell. Liu et al. adopted the
quasi-Z-source network [11] to establish a hybrid power supply
system for the aluminium electrolysis industry, and Yi et al. [12]
used a recurrent neural network, performed information-based
aluminium electrolytic modelling, and optimized the method via
a machine learning algorithm [13]. A multi-objective optimization
algorithm proposed by Yi et al. [14,15] was used to optimize the
decision parameters in the aluminium electrolysis process.
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Nomenclature and Abbreviations

NN Neural network
PF Particle filter
GA Genetic algorithm
EKF Extended Kalman filter
UKF Unscented Kalman filter
PPD Posterior proposal distribution
HPD Hybrid proposal distribution
CV Cross validation
GP Gaussian processes
MLR Multiple linear regression
NLMR Multiple nonlinear regression
AEMS Aluminium electrolysis manufacturing

system
MSI-HAPFNN Multi-sampling inherited hybrid an-

nealed particle filter neural network
EKFNN Extended Kalman filter neural network
UKFNN Unscented Kalman filter neural net-

work
BPNN Back propagation neural network
HAPF Hybrid annealed particle filter
SSE Sum squared error
MSE Mean squared error
RMSE Root mean squared error
MAE Mean absolute error
MRE Mean relative error
R Correlation coefficient

The above two methods are beneficial for improving the per-
ormance of an AEMS. However, note that the first method, which
nvolves improving or developing new production equipment,
s difficult, requiring a large amount of capital and technical
upport, and is more suitable for new industrial and mining
nterprises. Under the condition of existing production equip-
ent, the second method explores the optimal process decision
arameters and realizes optimal process control using intelli-
ent optimization design theory, which can largely reduce the
lectrolytic power consumption and the energy cost. The latter
ethod is therefore a very popular energy-saving technology for
nterprises. The premise of using this technology, however, is to
stablish a dynamic optimization model [16,17] that accurately
eflects the operation principles in an AEMS. This model can
entrally analyse various complex decision variables affecting
he aluminium electrolysis process, reduce data redundancy, and
ealistically reflect the internal relations between operating pa-
ameters and power consumption. It is difficult to quantitatively
nalyse the mechanism of the manufacturing system due to the
haracteristics of an AEMS, such as multiple parameters, dynamic
volution, non-Gaussian distributions and a series of complex
hysical and chemical reactions in the system. Therefore, it is also
uite hard to establish a prediction model that can accurately
valuate the real-time power consumption in an AEMS, which
nevitably brings enormous challenges to design optimization.

Under the condition that the mechanism of AEMS is am-
iguous, neural network (NN) modelling method is an effective
pproach to address it. This method does not need to know the
omplicated internal mechanism of manufacturing system and
an obtain the mapping relationship between decision variables
nd energy consumption only by learning and training series of
rocess data. Moreover, NN modelling is also suitable for the

rocessing of large-scale and parallel mode problems. Therefore,
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the NN model has been widely used in the modelling and opti-
mization of aluminium electrolysis. Li et al. [18] illustrated the
multi-fault diagnosis of aluminium electrolysis based on mod-
ular fuzzy NNs. To achieve low power consumption and high
efficiency in aluminium electrolysis, an aluminium electrolysis
model and optimization method based on a recurrent NN and
preference information were proposed by Yi et al. [15]. Zhou
et al. [19] used a general regression neural network to predict
the anode effect of aluminium electrolysis.

However, the weights remain fixed after training. When the
conditions of aluminium electrolysis change, the BPNN’s weights
cannot be adjusted by the new data unless another new BPNN
model is retrained, but this is not a true ‘‘dynamical adjustment’’.
The ‘‘dynamical adjustment’’ in this paper is to adjust or update
the weights and thresholds dynamically using the new data com-
ing in based on the established model, instead of retraining a new
model as the traditional NN does. In addition, as the statistical
characteristics of process noise may not satisfy the Gaussian
distribution in practical aluminium electrolysis applications, so
the prediction model established by BPNN or other methods may
have a significant deviation from the real model of the manufac-
turing system. If the predictive model with a large deviation is
used to carry out process optimization design, it will seriously
affect the optimization effect of the manufacturing system.

Inspired by particle filtering theory [20,21], the conditional
distribution of BPNN’s discrete weights can be obtained approxi-
mately by parameter probability estimation. Moreover, according
to the real-time measurement data obtained by sensors and other
devices, the probability distribution is constantly adjusted to
update the model parameters of the NN in real-time. Finally, the
resampling technique is introduced to avoid the model search
from becoming trapped in suboptimal positions while using par-
ticle filtering theory to overcome the problem of non-Gaussian
process noise statistical characteristics, so that the modelling
process can approximate the optimal estimation.

Based on the above analysis, the main contributions of this
paper are as follows:

(1) To accurately establish the mathematical model for solving
non-linear and non-Gaussian problems, we adopt the fusion of
hybrid annealed particle filter (HAPF) theory and a BPNN algo-
rithm. The BPNN’s weights and thresholds are used as the HAPF
state variables, and the BPNN’s outputs are used as the HAPF
measurement variables. Therefore, this paper proposes a hybrid
annealed particle filter neural network (HAPFNN) nonlinear non-
Gaussian modelling algorithm to solve the above problem.

(2) To reduce the negative impact from the loss of parti-
cle diversity on modelling performance, this paper presents an
HAPFNN that uses a multi-sampling technique to adjust the prob-
ability distribution of particle sets to modify the data sampling
range.

(3) Considering the problem of increased data storage caused
by the introduction of hybrid proposal distribution, this paper
uses an adaptive inheritance method to improve the processing
ability of real-time data information inherited by the algorithm.

(4) Based on the above research findings, this paper sys-
tematically proposes a novel multi-sampling inherited hybrid
annealed particle filter neural network (MSI-HAPFNN) algorithm
and provides a detailed algorithm design process.

(5) The above-improved algorithm is applied to the modelling
problem of actual industrial manufacturing systems, namely,
AEMS modelling. The experimental results show that the MSI-
HAPFNN algorithm can significantly improve the predictive ca-
pacity of the model.

The organization of the paper is as follows: Section 2 gives
a brief description of the problems encountered in the process

of aluminium electrolysis modelling. Section 3 introduces HAPF
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Fig. 1. The dynamic evolutionary model of the system.

theory and proposes a theoretical construction framework and
experimental procedure for the HAPFNN algorithm in detail. Sec-
tion 4 introduces the multi-sampling and inheritance concepts
and presents the MSI-HAPFNN algorithm. In Section 5, the al-
gorithm is applied and verified in AEMS modelling. Section 6
provides a summary.

2. Problem description

In process industry manufacturing systems [22], it is usu-
lly required to maintain fast response performance, accurate
rediction performance and excellent robustness. Although the
raditional NN model can be used to approximate the perfor-
ance index of the real system, the development potential of the
anufacturing system model is still very large in the face of the
uch complex conditions.
We define a nonlinear system:

xk+1 = f (xk, uk) + θk

yk = h(xk, uk) + νk
(1)

where xk signifies the system state vector at time k, uk represents
he input variables of the industrial system and yk signifies the
ystem measurement vector at time k. θk and νk correspond to
he independent process noise and measurement noise (not nec-
ssarily Gaussian distribution noise), respectively. The functions
and h describe the functional relationship of state variables and
easured values with time.
It is assumed that Fig. 1 shows a system model established

ased on the above equation and the possible state of the model,
n which the prediction curve is stable in the coordinate system
bove. The actual curve evolves with the operation of the process
anufacturing system. Fig. 1(a), (b) and (c) show that the degree
f fitting between the actual curve and the prediction curve at
hree point (T0, T1 and T2) of the system worsens with time. It
s shown that the established model does not have the ability
f adaptive adjustment, and cannot gradually approach the real
ystem with time. Therefore, it is particularly important to estab-
ish a dynamic evolutionary model that can solve process system
roblems.
To establish the model described above, the previous litera-

ure proposed an extended Kalman filter neural network [23–25]
EKFNN) and an unscented Kalman filter neural network [26–
0] (UKFNN) based on Kalman filtering theory and a NN al-
orithm. The above two methods essentially make use of the
xtended Kalman filter (EKF) and unscented Kalman filter (UKF)
o dynamically adjust NN’s weights and thresholds and establish
3

a dynamic evolutionary model that changes with the produc-
tion conditions in real-time to realize the optimal design of the
process conditions in the AEMS.

However, the traditional Kalman filter requires that the pro-
cess noise θk and measurement noise νk of the system are Gaus-
sian white noise and are independent of each other. Otherwise,
Kalman filter may diverge. Particle filtering theory has the po-
tential to solve the above problems. Literature [31] used particle
filter to adaptively train neural networks, in which the covariance
matrix of the noise is set to evolve over time; Literature [32] em-
ployed particle filter and radial basis functions neural networks to
optimize the posterior probability distribution of weights, which
was used to predict the life of lithium-ion batteries.

Therefore, inspired by the existing literature, to give full play
to the dual advantages of PFs and NNs, this paper designs an
HAPFNN, which can address non-linear non-Gaussian problems
by exploring the fusion strategy of PFs and NNs. Under the
premise of fully considering the dynamic characteristics in an
AEMS, the multi-sampling inheritance theory is introduced, and
then the MSI-HAPFNN is systematically proposed. The detailed
design process of the theory will be introduced in turn.

3. Design and analysis of HAPFNN algorithm

3.1. Hybrid annealed particle filter

The hybrid annealed particle filter (HAPF) [31,32] is one of
the typical representatives of particle filtering theory. The hybrid
proposal distribution (HPD) in this filtering algorithm replaces the
posterior proposal distribution (PPD) in traditional particle filter
as an importance function. Compared with the PPD, the HPD has
the advantages of easy weight update and simple calculation. In
addition, the measurement information obtained recently is not
lost, so its importance weight has a smaller variance.

As can be seen from Table 1, HAPF still uses the prior distribu-
tion to calculate the importance distribution. Therefore, there still
exists the problem that the proposed distribution has a large de-
viation from the likelihood distribution. For this reason, according
to the relationship between the statistical characteristics of state
noise and measurement noise, an annealing factor β is introduced
to solve this problem.

Under real conditions, it is often difficult to predict the statisti-
cal characteristics of noise in nonlinear non-Gaussian aluminium
electrolysis. The HAPF theory achieves the optimal estimation [33,
34] of non-Gaussian problems based on the Monte Carlo method
and recursive Bayesian estimation. There are two reasons why
this theory can solve non-Gaussian problems: (1) The sample
is extracted from the state parameter containing non-Gaussian
process noise instead of performing numerical operations; (2)
The process is adjusted to indirectly correct the weights of the
measured data with non-Gaussian noise, rather than directly.

3.2. Design of the HAPFNN algorithm

The HAPFNN utilizes HAPF to probabilistically estimate the
BPNN’s weights and thresholds. The BPNN’s weights and thresh-
olds are used as the state variables of HAPF, and the NN’s output
is used as the measurement variable of HAPF.

Firstly, the initial weights and thresholds can be obtained by
BPNN training. Secondly, the acquired weights and thresholds
are introduced into HAPF for updating and optimization. Finally,
the HAPFNN algorithm construction framework is established.
Compared with the EKFNN and UKFNN, the HAPFNN updates
the sample set by probability distribution estimation instead of
a large number of complex recursive matrix operations. Com-
pared with the traditional particle filter neural network (PFNN),
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Table 1
Comparison of particle filter and hybrid annealing particle filter.
Related distribution Particle filter Hybrid annealing particle filter

Likelihood distribution p(yk|xk) p(yk|xk)
Prior distribution p(xk|xk−1) p(x2,k|x2,k−1)β

Importance distribution q(xk|xk−1, yk) = p(xk|xk−1) q(xk|xk−1, yk) = p(x2,k|x2,k−1)β × p(x1,k|x2,k, xk−1, yk)
Weight recursive expression ωk = ωk−1 p(yk|xk) ωk = ωk−1 p(x2,k|x2,k−1)1−β

× p(yk|x2,k, xk−1, yk−1)
Fig. 2. Comparison between single sampling and multiple sampling.
he HAPFNN replaces the PPD with the HPD and introduces the
nnealing factor for further optimization.
In terms of algorithm’s convergence, the algorithm uses neu-

al network as the main model, and uses hybrid annealed par-
icle filter to optimize weights and thresholds. Therefore, the
onvergence performance of the neural network has not been
hanged [35]. Meanwhile, the convergence performance of the
ybrid annealed particle filter is consistent with that of the par-
icle filter [36,37]. Appendix analyses the robustness of HAPFNN
lgorithm.

. Design and analysis of the MSI-HAPFNN algorithm

In this paper, HAPF theory [38,39] is incorporated into the
PNN algorithm, and the HAPFNN algorithm, which can dynam-
cally address non-linear non-Gaussian problems, is proposed.
n the model updating process, since the particles with larger
eights are selected multiple times, the sampling results often
ontain many repetition points, which leads to the abnormal
ampling direction/range; And the hybrid proposal distribution
HPD) replaces the posterior proposal distribution (PPD) as an
mportance function, which increases the amount of data storage.
herefore, to further improve the stability of the algorithm, the
heory of multi-sampling and inheritance are introduced to over-
ome these disadvantages, and a dynamic MSI-HAPFNN algorithm
s systematically presented.

.1. Multi-sampling

Although the HAPFNN algorithm uses the resampling method
r improved resampling method [40,41] to solve the problem of
article scarcity, it also reduces the overall variance of the parti-
les, resulting in the loss of particle diversity. Due to the loss of
article diversity, the sampling direction/range is changed, which
eriously affects the operation accuracy. Multi-sampling is used to

olve this problem. Multi-sampling combines general resampling

4

with linear resampling based on the idea of combinatorial opti-
mization. This sampling method arranges all the particles in order
of weights from small to large. Particles with smaller weights
are not directly excluded; rather, they are combined with the
particles with larger weights according to a certain linear propor-
tion (or nonlinear proportion) to generate new particles to avoid
exclusion, and the larger particle weights become half of the
original weights. This approach not only eliminates the dominant
position of particles with maximumweight due to abnormal sam-
pling but also prevents reduction in particle diversity. Therefore,
this paper utilizes the multi-sampling method to reduce or even
eliminate the above effects. In other words, general resampling
and linear optimal resampling are integrated into the algorithm
by combining two or more sampling techniques.

As shown in Fig. 2, particles with different weights in Fig. 2(a)
are represented by different graphs and are randomly distributed
in state space. Due to the use of resampling technology, abnor-
mal particles with maximum weights appear in Fig. 2(b), which
offset the sampling range (represented by the dotted circle). If
single sampling technology is used, the negative effect of this
phenomenon cannot be avoided, causing some particles to be
difficult to sample, thus affecting the accuracy of weight updating.
Therefore, through the introduction of multi-sampling, a pair of
particles with maximum and minimum weights is discarded (the
polygons and triangles represented by dotted lines in Fig. 2(c) will
disappear) so that the sampling range returns to normal.

In the HAPFNN algorithm, two weights are introduced as a
‘‘bridge’’ between the sampling method and the sampling data,
namely, the NN weight and the PF weight. The NN weight is
used as the state variable of the PF, and then the corresponding
proposal distribution is obtained. Moreover, the sample set is up-
dated according to the resampling method. The PF weight is used
to determine whether to perform linear optimization resampling.
Each sample corresponds to a weight, and these samples refer to
the above NN weight. It is shown that each PF weight corresponds
to an NN weight, which is equivalent to a kind of ‘‘marked price’’

for NN weight. The essential information, however, is still the data
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Fig. 3. Comparison between batch inheritance and adaptive inheritance.
ehind the weight. Next, the normalized weight ωi
k is calculated;

f Neff < Nth, then the linear optimization resampling is carried
ut; otherwise, it is not. (Here, Neff is the number of valid samples,
nd Nth is the threshold of the number of samples.)

.2. Inheritance

Inheritance is prominently reflected in the weight update pro-
ess. Due to the introduction of the hybrid proposal distribution,
he amount of calculation storage is increased, which seriously
ffects the operation speed.
Usually, the inheritance methods can be divided into two

ategories, batch inheritance and adaptive inheritance. In batch
nheritance, the whole data block is accepted and inherited at one
ime. As the amount of calculation increases, the data memory
apacitance increases in the inheritance process; simultaneously,
he previous data take up space and waste resources. Adaptive
nheritance carries out the procedure at the same time as the data
re received. A new set of data is received each time, and the HPD
f the model is updated, which is suitable for real-time online
rocessing. When the new data are integrated into the model,
he previous data do not need to occupy space, so the adaptive
nheritance of the dynamic model data can be achieved well.

As shown in Fig. 3, batch inheritance inherits 100 data in the
irst generation at one time, while adaptive inheritance updates
airwise data to inherit the data obtained last time, which not
nly realizes synchronous inheritance but also frees up space,
hich is beneficial to reduce the calculation storage amount at
he latest time point.

.3. Design and analysis of the MSI-HAPFNN algorithm

The MSI-HAPFNN algorithm is optimized on the basis of the
raditional BPNN, mainly including the following:

(1) The traditional BPNN is a static model, while MSI-HAPFNN
s a dynamic model. The latter can constantly adjust itself, and it
an actively approach the best model when it receives new data.
(2) To reduce the impact of the loss of particle diversity, two

inds of weights (PF weights and NN weights) are introduced.
he NN weight is used as the state variable to calculate the
orresponding proposal distribution in the HAPF algorithm. The
F weight is used to determine whether to perform linear opti-
ization resampling to discard particles with higher weights and

aintain the range of resampling.

5

Fig. 4. BPNN’s topology diagram.

(3) In the process of utilizing the HAPF algorithm to approxi-
mately replace the PPD with the HPD, the adaptive inheritance is
used to reduce the amount of data storage;

In this paper, based on the BPNN algorithm, the MSI-HAPFNN
algorithm is obtained by combining HAPF, kernel density esti-
mation, linear optimal resampling and so on. The MSI-HAPFNN
algorithm is as follows:

Step 1: Initialize the BPNN’s weights and thresholds, and set
the number of BPNN’s input layer i, hidden layer j, output layer
m and determine the hidden layer and output layer activation
function. (The structure of the neural network is shown in Fig. 4.)

Step 2: Acquire data, and obtain the best training set and test
set through cross-validation (CV).

In Fig. 4, we establish a BPNN model with an input layer
number of 9, a hidden layer number of 25, and an output layer
number of 1. X1, X2 · · · , X9 is the input value of the BPNN, and
Y1 is the output value of the BPNN, where ωi,j represents the
connection weight of the ith input layer to the jth hidden layer;
ωj,m represents the connection weight of the ith hidden layer to
the jth output layer; a represents the threshold of hidden layer;
and b represents the threshold of output layer.

Step 3: Run the BPNN to obtain and update the weights and
thresholds according to Eq. (2).
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Fig. 5. Flowchart of the MSI-HAPFNN algorithm.
Weights and thresholds update:

ω
(k+1)
ij = ω

(k)
ij + ηHj(1 − Hj)x(i)

l∑
m=1

ωjmem

ω
(k+1)
jm = ω

(k)
ij + ηHjem

a(k+1)
j = a(k)j + ηHj(1 − Hj)x(i)

l∑
m=1

ωjmem

b(k+1)
m = b(k)m + em

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(2)

where Hj represents the output of the jth hidden layer, η rep-

resents the learning rate, and e represents the error between

6

the predicted output and the desired output. The superscript k
indicates the time.

Step 4: The weights and thresholds obtained by step 3 are
ultimately used as the initial value of HAPF.

State space representation of neural network (Filtering equa-
tion):{

ωk = ωk−1 + θk

yk = h(ωk, uk) + νk
(3)

Step 5: Determine the state variables (particles) ωk and mea-
surement variables yk of the HAPF model. The particles are di-

vided into two parts ω1,k and ω2,k, and the appropriate state
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v
m

w

ariables and measurement variables are determined by the CV
ethod.
Step 6: Determine the annealing factor β based on the rela-

tionship between the statistical characteristics of the state noise
and the measurement noise. Use the kernel density estimation
method [42,43] to get the HPD.

q(ωk|ωk−1, yk) = p(ω1,k|ω2,k, ωk−1, yk) × p(ω2,k|ω2,k−1)β (4)

Step 7: Resampling. Randomly select the same dimensional
particle from the HPD, update the weights wk according to Eq. (5),
and then calculate the normalized weights wk according to Eq. (6).

k = wk−1 p(yk|ω2,k, ωk−1, yk−1) × p(ω2,k|ω2,k−1)1−β (5)

w̃k
(i)

= w
(i)
k /

N∑
i=1

w
(i)
k (6)

Step 8: Calculate the number of valid samples according to
Eq. (7).

Neff = 1/
N∑
i=1

(w(i)
k )2 (7)

Step 9: Set the sample number threshold Nth, and compare the
sizes of Neff and Nth.

Step 10: If Neff < Nth, skip to Step 11; otherwise, skip to Step
12.

Step 11: Adopt linear optimized resampling [44] according to
Eq. (8).

ωn = ωα + L(ωα − ωs) (8)

where ωn is a new sampling point generated by combination;
ωα is a repeatedly selected sampling point; ωs is a discarded
sampling point; and L is a suitable step size of (ωα − ωs).

Step 12: Calculate the posterior mean estimation of the state;
that is, obtain the weight and threshold of the algorithm.

Step 13: Re-import the output weights into BPNN for perfor-
mance testing and achieve its dynamic balance.

To more clearly express how the data are updated and how
the particles undergo multi-sampling, Fig. 5 shows the flow chart
for the MSI-HAPFNN algorithm.

4.4. Description of genetic algorithm (GA) optimization

To take full advantage of the prediction potential of the
HAPFNN algorithm, the best prediction model is required. The
GA [45–47], which simulates the natural genetic mechanism and
biological evolutionary theory, is applied to the parallel search
optimization of the model.

The optimization process is shown in Fig. 6. The weights
and thresholds are obtained in the MSI-HAPFNN algorithm, and
we utilize the real coding method to perform the initial value
encoding of GA optimization. Then, the absolute value of the
error between the predicted output and the expected output is
taken as the fitness function F . By using the roulette method,
the real number uniform intersection method and the multi-point
variation method, the data are ultimately updated and eliminated
to make the prediction results more accurate.

F = k(
n∑

i=1

abs(yi − oi)) (9)

Here, n is the number of output nodes in the algorithm, yi is
the expected output of the ith node in the algorithm, oi is the
predicted output of the ith node in the algorithm, and k is the
coefficient.
7

Fig. 6. Flowchart of MSI-HAPFNN optimization by a GA.

Fig. 7. The schematic diagram of the core components in aluminium electrolysis
cell.

5. Application experiment of dynamic evolutionary modelling
of process energy consumption in a novel aluminium elec-
trolytic cell

5.1. Experimental objects

In this paper, the above algorithm is applied to an aluminium
electrolytic cell based on special-shaped perforation and shaped
cathode technology [48] as shown in Fig. 7 for industrial ex-
periments. In the figure, f 1 represents the energy consumption
of aluminium electrolysis. Ideally, we wish to make the energy
consumption as low as possible.

The aluminium electrolysis process has many features, such as
nonlinear, multi-parameters, strong coupling, time-varying delay
and high noise, and many operations, such as changing the anode,
lifting the bus, shelling and aluminium discharge. Thus, the above
process is very complex. It is difficult to accurately obtain a power
consumption model for process optimization by using traditional
modelling methods. The improved HAPFNN algorithm can avoid
the impact of abnormal data and improve the processing ability
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able 2
he sample data of aluminium reduction cell from No. 158.
parameters Sample

1 2 3 · · · 300

Series current (A) 1676 1676 1676 · · · 1682
Molecular ratio (1) 2.52 2.41 2.41 · · · 2.34
Aluminium level (cm) 24 24 25 · · · 23
Electrolyte level (cm) 17 18 19 · · · 14
Cell temperature (◦C) 952 954 947 · · · 946
Aluminium output (kg) 1320 1260 1300 · · · 1320
Daily consumption of fluoride salt (kg) 23 23 22 · · · 20
Blanking interval (s) 153 153 153 · · · 148
Cell voltage (mV) 3812 3819 3808 · · · 3827
DC power consumption (kW.h/t-Al) 12 250 12819 12348 · · · 11710

Table 3
The full names and abbreviations of different algorithms in the experiment.
Full names Abbreviations

Back propagation neural network BPNN
Hybrid annealed particle filter neural network HAPFNN
Single-sampling inherited HAPFNN SSI-HAPFNN
Multi-sampling non-inherited HAPFNN MSNI-HAPFNN
Multi-sampling inherited HAPFNN MSI-HAPFNN
Multi-sampling inherited HAPFNN after GA optimization MSI-HAPFNN-GA

of real-time data information, which can effectively ensure the
accuracy and reliability of the model.

Through the analysis of the influencing factors of the unit DC
ower consumption in aluminium electrolysis cells, combined
ith expert experience and considering the actual difficulty of
n-site data acquisition, the effective decision parameters are
elected, such as the series current, molecular ratio, aluminium
evel, electrolyte level, cell temperature, aluminium output, daily
onsumption of fluoride salt, blanking interval and cell voltage.
he sample of No. 158 in the 170 kA series aluminium electrolysis
ell of an aluminium plant was sampled, and the daily data of 300
roups of 9 kinds of decision parameters were obtained, as shown
n Table 2.

.2. Dynamic evolutionary modelling and result analysis of the pro-
ess power consumption based on MSI-HAPFNN

.2.1. Dynamic evolutionary modelling of the process power con-
umption

The 300 groups of aluminium electrolysis data were divided
nto 250 groups of training set samples and 50 groups of test set
amples. MSI-HAPFNN as proposed in this paper is used to con-
truct a 3-layer feedforward network, with inputs of 9 decision
arameters and an output of the unit DC power consumption. The
idden layer transfer function is the Sigmoid function, and the
utput layer transfer function is the Purelin function. To maintain
ccuracy and operation speed, 25 hidden layer nodes are selected

n this article.

8

The annealed operator β in the HAPF algorithm is set to 0.5;
the crossover probability in the GA is set at 0.4; the mutation
probability is 0.2; the population size is 60; the number of iter-
ations is 100. Under the same experimental conditions, different
algorithms are used to predict the process power consumption.

5.2.2. Analysis and discussion of experimental results
Through the design and implementation of the following mod-

els, the power consumption of the aluminium electrolysis process
is compared with the experimental results. All experiments were
performed using the same sample data and MATLAB R2014b
(CPU: i7-9750H; RAM: 8.00 GB; GPU: GTX 1660 Ti) as the sim-
ulation platform.

Fig. 8 show the fitting effect diagrams of the test samples
based on the dynamic evolutionary model of process power con-
sumption established by the above 6 schemes.

Fig. 8(a) shows that the prediction output of comparison be-
tween the BPNN, HAPFNN and MSI-HAPFNN; the fitting effect of
the latter is significantly better than that of the former. There-
fore, it is feasible to introduce the HAPF model into the BPNN
algorithm and transform the static model into a dynamic model.
The application of the multi-sampling and adaptive inheritance
techniques is beneficial to update the particle weights. Fig. 8(b)
shows the prediction output of comparison between SSI-HAPFNN
and MSI-HAPFNN. The main difference is whether linear opti-
mization resampling is introduced into the algorithm. It is found
that the multi-sampling method can maintain the diversity of the
particles and improve the prediction accuracy of the algorithm.
Fig. 8(c) shows the prediction output of comparison between
MSI-HAPFNN and MSNI-HAPFNN, and the fitting effect of the
former is significantly better than that of the latter. The main
reason is that the previous state variables and measurement
variables are dynamically updated and modified so that the HPD
gradually approaches the PPD. Fig. 8(d) shows the prediction
output of comparison between MSI-HAPFNN-GA. A GA is used to
further optimize the weight and threshold to obtain the optimal
individual to improve the prediction accuracy of the model.

According to the simulation experiments, the fitting effect of
the dynamic model is far better than that of the BPNN static
model, and the implementation of inheritance and
multi-sampling improves the fitting effect of the algorithm as
well. Overall, the predictions of the MSI-HAPFNN model are in
good agreement with the actual characteristics of aluminium
electrolysis cells.

Fig. 9 show the relative percentage errors predicted by the five
models. The maximum relative error percentage of MSI-HAPFNN-
GA is less than 0.25%, corresponding to a better performance
index than other algorithms.

Table 4 compares the index data of multiple linear regres-
sion (MLR), multiple nonlinear regression (NLMR) [49], Gaussian
processes (GP) [50] and 6 models in Table 3 to establish the
process power consumption model and lists 6 types of evaluation
able 4
he comparison of related performance indicators from different models.
Model category Comparison of absolute error indicators in test sets Statistical test Algorithm complexity

Max (%) Min (%) Average (%) SSE (106) MSE (104) RMSE p-value Time complexity Space complexity

MLR 19.2667 1.1156 11.6739 36.7660 50.3750 709.7532 1.03 × 10−4 O(n3) O(1)
NLMR 13.8420 0.9589 7.1247 21.3883 29.2991 541.2861 4.77 × 10−4 O(n3) O(1)
GP 8.7259 0.7543 4.8736 16.0177 21.9421 468.4240 8.81 × 10−4 O(n3) O(n2)
BPNN 5.8472 0.2519 2.6953 6.1462 9.1861 361.1520 3.24 × 10−3 O(n3) O(1)
HAPFNN 4.2187 0.3599 1.4858 3.8521 7.0093 251.7539 7.48 × 10−3 O(n3) O(n)
SSI-HAPFNN 2.7186 0.2863 0.9722 1.6817 3.5834 188.5238 7.80 × 10−3 O(n3) O(n)
MSNI-HAPFNN 3.4511 0.1882 1.1683 2.7254 4.2797 201.1136 2.28 × 10−2 O(n3) O(n)
MSI-HAPFNN 0.8466 0.0781 0.2207 0.4793 0.7122 79.4639 3.97 × 10−2 O(n3) O(n)
MSI-HAPFNN-GA 0.2404 0.0127 0.0782 0.0589 0.0627 30.5723 \ O(n3) O(n)
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SI-HAPFNN (d) MSI-HAPFNN and MSI-HAPFNN-GA.
able 5
tatistics of related performance indexes for 20 tests base on 6 models in Table 3.
Number
of tests

BPNN HAPFNN SSI-HAPFNN MSNI-HAPFNN MSI-HAPFNN MSNI-HAPFNN-GA

MAE MRE R MAE MRE R MAE MRE R MAE MRE R MAE MRE R MAE MRE R

1 6.1924 0.0333 0.7893 5.2352 0.0191 0.8870 2.0730 0.0111 0.9405 3.7677 0.0166 0.9235 1.1228 0.0032 0.9905 0.3628 0.0019 0.9986
2 6.7399 0.0339 0.7816 5.0658 0.0114 0.9037 2.0473 0.0084 0.9227 3.6454 0.0109 0.9144 1.1225 0.0026 0.9927 0.3509 0.0017 0.9987
3 6.6086 0.0278 0.8764 5.1270 0.0120 0.8975 2.6959 0.0139 0.9203 3.8448 0.0180 0.9140 1.0549 0.0045 0.9920 0.3131 0.0016 0.9993
4 6.0645 0.0259 0.8424 5.1215 0.0133 0.8879 2.5406 0.0122 0.9246 3.7765 0.0163 0.9249 1.0848 0.0023 0.9944 0.3404 0.0010 0.9987
5 6.3324 0.0339 0.7383 5.9071 0.0189 0.8938 2.0530 0.0130 0.9445 3.6046 0.0102 0.9234 1.0337 0.0034 0.9928 0.3022 0.0015 0.9998
6 6.8813 0.0292 0.7679 4.6448 0.0124 0.8961 2.6093 0.0123 0.9151 4.0693 0.0129 0.9003 1.1230 0.0032 0.9950 0.3981 0.0018 0.9986
7 7.2104 0.0253 0.7320 5.2611 0.0199 0.8856 2.5912 0.0135 0.9330 3.7146 0.0114 0.9112 1.0611 0.0035 0.9912 0.3027 0.0012 0.9994
8 6.0362 0.0283 0.7628 5.3170 0.0131 0.9006 2.3763 0.0149 0.9193 3.8893 0.0141 0.9000 1.0308 0.0041 0.9929 0.3326 0.0019 0.9996
9 6.9435 0.0266 0.7382 4.8445 0.0106 0.8878 2.4766 0.0103 0.9278 3.7657 0.0143 0.9277 1.0576 0.0025 0.9908 0.3967 0.0014 0.9996
10 6.5488 0.0297 0.7276 5.4678 0.0144 0.8899 2.4764 0.0104 0.9390 4.0829 0.0156 0.9194 1.0126 0.0037 0.9950 0.3024 0.0016 0.9994
11 6.0323 0.0278 0.7849 5.5599 0.0209 0.8822 2.2349 0.0100 0.9268 3.6059 0.0126 0.9206 1.0503 0.0044 0.9905 0.3696 0.0012 0.9998
12 6.2157 0.0327 0.8135 5.6336 0.0128 0.9028 2.2010 0.0147 0.9486 4.0339 0.0130 0.9281 1.1285 0.0031 0.9949 0.3717 0.0020 0.9996
13 6.5716 0.0328 0.8427 5.2913 0.0194 0.8824 2.1020 0.0081 0.9194 3.9911 0.0121 0.9063 1.0613 0.0045 0.9912 0.3724 0.0013 0.9998
14 6.7419 0.0298 0.7893 4.9059 0.0129 0.9076 2.5440 0.0082 0.9257 3.6330 0.0139 0.9145 1.0452 0.0027 0.9933 0.3787 0.0014 0.9995
15 7.1635 0.0263 0.8646 5.1606 0.0185 0.9065 2.0546 0.0122 0.9172 4.0189 0.0152 0.9015 1.0915 0.0024 0.9912 0.3539 0.0016 0.9986
16 6.6058 0.0299 0.8073 5.0154 0.0133 0.8894 2.4523 0.0091 0.9217 3.7988 0.0121 0.9088 1.1093 0.0022 0.9932 0.3417 0.0011 0.9998
17 6.5372 0.0326 0.7773 4.7613 0.0131 0.8883 2.9365 0.0127 0.9435 3.7659 0.0129 0.9098 1.0111 0.0040 0.9923 0.3599 0.0016 0.9989
18 6.6311 0.0272 0.8376 4.5131 0.0141 0.8926 2.2504 0.0105 0.9321 4.0485 0.0151 0.9183 1.0286 0.0021 0.9948 0.3203 0.0015 0.9993
19 6.0157 0.0308 0.7955 5.5664 0.0208 0.8846 2.5267 0.0108 0.9272 3.9635 0.0120 0.9231 1.0523 0.0033 0.9935 0.3059 0.0016 0.9985
20 6.0800 0.0261 0.7542 4.9108 0.0154 0.8845 2.4939 0.0147 0.9311 3.9054 0.0172 0.9261 1.1011 0.0034 0.9947 0.3658 0.0020 0.9995
indicators for different model performance, including Max, Min,
Average, SSE, MSE and RMSE [51].

Max and Min respectively reflect the upper and lower bounds
f prediction error percentage. The prediction error percentage
f the BPNN algorithm is significantly higher than that of the
9

HAPFNN algorithm. The maximum prediction error percentage of
MSI-HAPFNN-GA is only 0.2404%, which is quite high in terms of
prediction accuracy.

From the data SSE and MSE in the table, it can be seen that
HAPF theory plays an advantageous role in optimizing the BPNN
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Fig. 9. The histogram of relative error percentage (a) BPNN (b) HAPFNN (c) SSI-HAPFNN (d) MSNI-HAPFNN (e) MSI-HAPFNN (f) MSI-HAPFNN-GA.
lgorithm. The introduction of multi-sampling and inheritance
urther improves the performance of the model, and finally, the
ptimal weight is obtained by GA optimization.
The data in the table show that the absolute error indicators

re relatively large because BPNN is a static model and lacks
djustment ability. The errors of SSI-HAPFNN and MSNI-HAPFNN
re similar, but it can be concluded that inheritance has a greater
mpact on model prediction accuracy than multi-sampling. The
ndexes of the MSI-HAPFNN model are obviously improved. After
urther optimization by the GA, the average value of the absolute
rror is approximately 0.03%.
To further prove the effectiveness of the proposed method,
ilcoxon signed rank test is employed to perform a non-
arametric test using the MSI-HAPFNN-GA as the reference
bjective. The corresponding results have been summarized in
10
Table 4. Based on the presented results, the proposed method
is significantly better than other approaches. In addition, the
algorithm complexity has also been added in Table 4. It can
be seen that the space complexity of the HAPFNN algorithm is
better than BPNN. Even if HAPFNN is continuously optimized to
obtain MSI-HAPFNN-GA, the complexity of its algorithm has not
increased.

To avoid the accidental influence of external interference on
the model, Table 5 show the statistics of different model-related
performance indicators after 20 tests, including MAE, MRE and R
(the correlation coefficient) [52].

Table 6 shows the statistical analysis of data from 20 tests in
Table 5 to better contrast the advantages and disadvantages of the
various models. The MSI-HAPFNN algorithm optimized by the GA
is superior to the other algorithms.
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Table 6
The comparison of performance indexes related to multiple tests base on different models.
Inspection standards Model category Average Min Max Std Median Lower quantile Upper quantile

BPNN 6.5076 6.0157 7.2104 0.3667 6.5602 6.1643 6.7404
HAPFNN 5.1655 4.5131 5.9071 0.3436 5.1438 4.9096 5.3547

MAE SSI-HAPFNN 2.3868 2.0473 2.9365 0.2431 2.4644 2.1763 2.5415
MSNI-HAPFNN 3.8463 3.6046 4.0829 0.1577 3.8218 3.7529 3.9981
MSI-HAPFNN 1.0692 1.0111 1.1285 0.0375 1.0594 1.0423 1.1032
MSI-HAPFNN-GA 0.3471 0.3022 0.3981 0.0304 0.3524 0.3185 0.3701
BPNN 0.0295 0.0253 0.0339 0.0028 0.0295 0.0271 0.0326
HAPFNN 0.0153 0.0106 0.0209 0.0033 0.0138 0.0129 0.0190

MRE SSI-HAPFNN 0.0116 0.0081 0.0149 0.0021 0.0117 0.0102 0.0131
MSNI-HAPFNN 0.0138 0.0102 0.0180 0.0021 0.0135 0.0121 0.0153
MSI-HAPFNN 0.0033 0.0021 0.0045 0.0008 0.0033 0.0026 0.0038
MSI-HAPFNN-GA 0.0015 0.0010 0.0020 0.0003 0.0016 0.0014 0.0017
BPNN 0.7912 0.7276 0.8764 0.0430 0.7871 0.7607 0.8195
HAPFNN 0.8925 0.8822 0.9076 0.0079 0.8897 0.8867 0.8983

R SSI-HAPFNN 0.9290 0.9151 0.9486 0.0096 0.9270 0.9214 0.9345
MSNI-HAPFNN 0.9158 0.9000 0.9281 0.0089 0.9164 0.9096 0.9234
MSI-HAPFNN 0.9928 0.9905 0.9950 0.0016 0.9929 0.9912 0.9945
MSI-HAPFNN-GA 0.9993 0.9985 0.9998 0.0005 0.9994 0.9987 0.9996
k

(

H
H

(

H

∥

t

(

L
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6. Conclusion

In this paper, a novel framework for adaptively forecasting
he power consumption of aluminium electrolysis system is pro-
osed. Fully taking the advantage of particle filter (PF) and neu-
al networks, a hybrid annealed particle filter neural networks
HAPFNN) is adopted by the proposed framework to perform the
rediction task. To ensure the framework to be robust to the
utliers in the training data, a hybrid proposal distribution with
n annealed operator, which makes the noise adjustable is used as
he priors of HAPFNN and an effective multi-sampling technique
s also incorporated into the updating of PF and back-propagation
eights. The proposed model is then optimized by a genetic al-
orithm, which is capable of guiding the framework to search for
he global optimum. The proposed framework has been compared
ith a number of state-of-the-art approaches with respect to the
rediction of the power consumption of aluminium electrolysis
ell. The experimental results show that the proposed framework
chieves the best performance in terms of predictive accuracy and
nstantaneous track of slot-wise conditions. In future, we will at-
empt to further improve the framework robustness via allowing
he Kalman/particle filters to deal with data coming frommultiple
ources and apply it to more complicated prediction tasks of
ower consumption of aluminium electrolysis systems.
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Appendix. Robustness analysis of HAPFNN algorithm

Taking Eq. (3) as the research object, inspired by the proof of
the PF convergence [36,37], we further prove the robustness of
the HAPFNN algorithm.

Definition 1. For function ϕ(ω0:k) on R(k+1)nω , if the following
formula holds, then it is called Lk,p space.

(q0:k|k(dω0:k), |ϕ(ω0:k)|p) < ∞, p ≥ 1 (A.1)

The module of Lk,p space can be defined as

∥ϕ(ω0:k)∥k,p = [

∫
R(k+1)nω

|ϕ(ω0:k)|pq0:k|k(dω0:k)]
1
p (A.2)

where ω represents the weights and thresholds of HAPFNN algo-
rithm.

Hypothesis 1. Assuming that the measurement sequence y1:k is
nown, and when k > 0, the following formula holds.

q0:k|k−1(dω0:k), p(yk|ω0:k)) > 0 (A.3)

ypothesis 2. Assuming that when k > 0, the parameter γk in
APFNN satisfies the following formula.

q0:k|k−1(dω0:k), p(yk|ω0:k)) > γk > 0 (A.4)

ypothesis 3. When k > 0

p(yk|ωk)K (ωk|ωk−1)/G(ωk|ωk−1, y1:k)∥ = ∥ρ∥ < ∞ (A.5)

∥p(yk|ωk)∥ = ∥g∥ < ∞ (A.6)

Lemma 1. When Hypotheses 1 and 3 are satisfied, if ϕ(ω0:k) ∈ Lk,p,
hen

K (dω0:k|ω0:k−1), g(yk, ω0:k)|ϕ(ω0:k)|p)1/p ∈ Lk−1,p (A.7)

emma 2. If ϕ(ω0:k) is a bounded function, then ϕ(ω0:k) ∈ Lk,p.

The following Lemmas are drawn under Hypotheses 1, 2,
nd 3.
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emma 3. When Hypotheses 1–3 are satisfied, there is a set of
umbers b∗

0|0(ϕ(ω0)) and m∗

0|0(ϕ(ω0)) independent of N for any
ϕ(ω0) ∈ Lk,4, so that the following two formulas are true.

E[((q∗N
0:0|0(dω0), ϕ(ω0)) − (q0:0|0(dω0), ϕ(ω0)))4] ≤

b∗

0|0(ϕ(ω0))

N2

(A.8)

[(q∗N
0:0|0(dω0), ϕ(ω0))4] ≤ m∗

0|0(ϕ(ω0)) (A.9)

Lemma 3 shows that the initialization phase of HAPFNN is
onvergent.

emma 4. When Hypotheses 1–3 are satisfied, there is a set of
umbers b∗

k−1|k−1(ϕ(ω0:k−1)) and m∗

k−1|k−1(ϕ(ω0:k−1)) independent
f N for any ϕ(ω0:k−1) ∈ Lk−1,4, so that the following two formulas
re true.

E[((q∗N
0:k−1|k−1(dω0:k−1), ϕ(ω0:k−1)) − (q0:k−1|k−1(dω0:k−1),

ϕ(ω0:k−1)))4] ≤
b∗

k−1|k−1(ϕ(ω0:k−1))

N2

(A.10)

[(q∗N
0:k−1|k−1(dω0:k−1), ϕ(ω0:k−1))4] ≤ m∗

k−1|k−1(ϕ(ω0:k−1)) (A.11)

Then there is a set of numbers bk|k−1(ϕ(ω0:k)) and mk|k−1(ϕ(ω0:k))
ndependent of N for any ϕ(ω0:k) ∈ Lk,4, so that the following two
ormulas are true.

E[((qN0:k|k−1(dω0:k), ρ(ω0:k, y1:k)ϕ(ω0:k)) − (q0:k|k−1(dω0:k),

g(yk, ω0:k)ϕ(ω0:k)))4] ≤
bk|k−1(ϕ(ω0:k))

N2

(A.12)

[(qN0:k|k−1(dω0:k), ρ(ω0:k, y1:k)ϕ(ω0:k))4] ≤ mk|k−1(ϕ(ω0:k)) (A.13)

Lemma 5. When Hypotheses 1–3 are satisfied, there is a set
of numbers bk|k−1(ϕ(ω0:k)) and mk|k−1(ϕ(ω0:k)) independent of N
for any ϕ(ω0:k) ∈ Lk,4, so that Eqs. (A.12) and (A.13) are true.
Then there is a set of numbers for any ϕ(ω0:k) ∈ Lk,4. The num-
bers b∗∗

k|k−1(ϕ(ω0:k)) and m∗∗

k|k−1(ϕ(ω0:k)) independent of N make the
ollowing two formulas true.

E[((q∗∗N
0:k|k−1(dω0:k), ρ(ω0:k, y1:k)ϕ(ω0:k)) − (q0:k|k−1(dω0:k),

g(yk, ω0:k)ϕ(ω0:k)))4] ≤
b∗∗

k|k−1(ϕ(ω0:k))

N2

(A.14)

[(q∗∗N
0:k|k−1(dω0:k), ρ(ω0:k, y1:k)ϕ(ω0:k))4] ≤ m∗∗

k|k−1(ϕ(ω0:k)) (A.15)

Lemmas 4–5 indicate that HAPFNN is convergent in the pre-
diction phase from moment k-1 to moment k.

Lemma 6. When Hypotheses 1, 2, and 3 are satisfied, there is a set of
numbers b∗∗

k|k−1(ϕ(ω0:k)) and m∗∗

k|k−1(ϕ(ω0:k)) that are independent of
N for any ϕ(ω0:k) ∈ Lk,4, so that Eqs. (A.14) and (A.15) are true. Then
there is a number dk that is independent of N, so that the probability
satisfies the following formula.

P[
1
N

N∑
i=1

ρ(ω(i)
0:k|k−1, y1:k) < γk] ≤

dk
N2 (A.16)

And when N ≥ [d0.5k ] + 1,

P[
1
N

N∑
i=1

ρ(ω(i)
0:k|k−1, y1:k) < γk] ≤

dk
|[d0.5k ] + 1|2

< 1 (A.17)

emma 7. When Hypotheses 1–3 are satisfied, there is a set of
umbers b∗∗

k|k−1(ϕ(ω0:k)) and m∗∗

k|k−1(ϕ(ω0:k)) independent of N for
ny ϕ(ω0:k) ∈ Lk,4, so that Eqs. (A.14) and (A.15) are true, and when
≥ [d0.5] + 1, there is a set of numbers for any ϕ(ω ) ∈ L . The
k 0:k k,4

12
umbers b∗

k|k−1(ϕ(ω0:k)) and m∗

k|k−1(ϕ(ω0:k)) independent of N make
he following two formulas true.

E[((q∗N
0:k|k−1(dω0:k), ρ(ω0:k, y1:k)ϕ(ω0:k)) − (q0:k|k−1(dω0:k),

g(yk, ω0:k)ϕ(ω0:k)))4] ≤
b∗

k|k−1(ϕ(ω0:k))

N2

(A.18)

E[(q∗N
0:k|k−1(dω0:k), ρ(ω0:k, y1:k)ϕ(ω0:k))4] ≤ m∗

k|k−1(ϕ(ω0:k)) (A.19)

emma 8. When Hypotheses 1–3 are satisfied, there is a set of
numbers b∗

k|k−1(ϕ(ω0:k)) and m∗

k|k−1(ϕ(ω0:k)) independent of N for
ny ϕ(ω0:k) ∈ Lk,4, so that Eqs. (A.18) and (A.19) are true. Then,
here is a set of numbers for any ϕ(ω0:k) ∈ Lk,4. The numbers
∗

k|k(ϕ(ω0:k)) and m∗

k|k(ϕ(ω0:k)) independent of N make the following
wo formulas true.

[((q∗N
0:k|k(dω0:k), ϕ(ω0:k))−(q0:k|k(dω0:k), ϕ(ω0:k)))4] ≤

b∗

k|k(ϕ(ω0:k))

N2

(A.20)

E[(q∗N
0:k|k(dω0:k), ϕ(ω0:k))4] ≤ m∗

k|k(ϕ(ω0:k)) (A.21)

Lemmas 7–8 indicate that HAPFNN is still convergent after
esampling.

emma 9. When Hypotheses 1–3 are satisfied, there is a set of
numbers b∗

k|k(ϕ(ω0:k)) and m∗

k|k(ϕ(ω0:k)) independent of N for any
ϕ(ω0:k) ∈ Lk,4, so that Eqs. (A.20) and (A.21) are true. Then, there is
a set of numbers for any ϕ(ω0:k) ∈ Lk,4. The numbers bk|k(ϕ(ω0:k))
and mk|k(ϕ(ω0:k)) independent of N make the following two formulas
true.

E[((qN0:k|k(dω0:k), ϕ(ω0:k))−(q0:k|k(dω0:k), ϕ(ω0:k)))4] ≤
bk|k(ϕ(ω0:k))

N2

(A.22)

E[(qN0:k|k(dω0:k), ϕ(ω0:k))4] ≤ mk|k(ϕ(ω0:k)) (A.23)

According to Lemmas 3–9, the following conclusions can be
drawn.

Conclusion 1. When Hypotheses 1–3 are satisfied, the following
formula holds for any ϕ(ω0:k) ∈ Lk,4:

eNHAPFNN [ϕ(ω0:k)] → eoptimal[ϕ(ω0:k)] a.s. (A.24)

Since MSI-HAPFNN performs linear optimization resampling
on the basis of HAPFNN, this approach does not change the
robustness of its algorithm. So the MSI-HAPFNN finally obtained
in this paper is still convergent.
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